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Introduction
An orthogonal n-frame is a n-tuple (v1,...,V,) € kY satisfying
(Vi,vp =0 (I #]).

» The set V(d,n) C Mat(d, n) of all orthogonal n-frames is an
algebraic variety, called the variety of orthogonal frames.

The ideal

I(d,n) = ((X;,Xx): 1 <j <k <n) CKklx]
defines V(d, n) set-theoretically.

We also define
R(d.n) = k[x;}]/I(d.n), X(d,n) = SpecR(d.n).
Goal. Understanding I(d, n) and V(d, n).

V(d, n) and the Stiefel manifold

Adding the normalization equations (v;,v;) = 1 yields the Stiefel
manifold of orthonormal frames. Stiefel manifolds behave nicely
(irreducible homogeneous spaces), while the varieties V(d, n) are
poorly understood (and typically reducible and singular).

Main theorem
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Theorem [1].

» d > D¢i(n) < I(d,n) is a complete intersection.
In this case, X(d, n) is reduced.

» d > Dprime(N) < I(d, n) Is prime.
In this case, V(d, n) is normal.

» d > Dyrp(n) = R(d,n) is a UFD.

Stratification of VV(d, n)

» p(A) = # anisotropic columns of A,
» q(A) = # isotropic Li. columns of A.

> Spq:={AeV(d,n)|p(A)=p, q(A) =q}.
Then

Theorem [1]. S, 4 is a smooth quasiprojective variety of dimension
dim Spq = pd + qd +qn — 3p° — 2gp — 59° + 3P — 3q.
All connected components of S, 4 are irreducible and isomorphic.
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Two distinguished components

Purely isotropic component. Assume d < 2n. Then

Viso(d,N) = So,|a/2)-
This variety is studied in [5].
» Defining ideal: (g + 1)-minors + {ATA = 0}.
» Components are normal, Cohen—-Macaulay, with rational
singularities.

Purely anisotropic component. Assume d > n. Define
Vani(da n) — m

This variety is more obscure.
» Defining ideal: unknown.
» Smallest open case: (d,n)

Example: (d,n) = (6, 4).

(6,6).

Lovasz-Saks-Schrijver (LSS) ideals.

The LSS ideal of a graph G on n vertices is

d
LSS(d, G) = (Z XiiXik : (j, K) edge) ,

=1
cutting out orthogonal representations of G [4].
Example.

LSS(d, G) =(X11X21 + - + X1.4X2 4,
0 X11X31 + -+ X1.dX3.d,
e e X11X41 + -+ Xl,dX47d)

» For complete graphs, LSS(d, K,) = I(d, n).
By [5], for fixed d > n, LSS ideals become well-behaved (complete
intersection, prime, normal, UFD). We find the exact bounds for d.

Corollary [1].
» If d > D¢i(n), LSS(d, G) is a radical complete intersection.
» If d > Dprime(n), k[x;;]/LSS(d, G) is a normal domain.
» If d > Dyrp(n), k[X,',j]/LSS(d, G)is a UFD.

These bounds are sharp in d.

Moreover, in [3] it is conjectured that /(d, n) is radical.

Theorem [1]. X(d, n) is generically reduced for all d, n.
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