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Introduction

The content of this poster is based on [IM26].
For a commutative ring S and an S-module M, the trace of M is

ws(M):= 3 f(M).

feHomg(M,S)

For a C—M local or graded ring, the trace of the canonical module
measures how far the ring is from being Gorenstein ([HHS19]).
We study the analogous problem for the modules of differentials;
for background on trace ideals, see also [Lin17].

Let A be essentially of finite type over a perfect field k. We focus
on Q= A\a 2 s €SPecially on the top exterior power Qq7A.

Definition. We call tra(Qy7) the top differential trace.

Main goals:
» characterize polynomial rank via traces of Q';
» detect reqgularity from the top differential trace;
» study the new notion of nearly regular rings.

Basic setup

Let R = P,-o Rn be a Noetherian graded ring with Ry = k a field,
and let A be a local k-algebra essentially of finite type.

Polynomial rank ([Cos79]). We denote by p.rk(R) the largest in-
teger n > 0 such that R = Tl[xy,...,x,] as graded rings for some
graded subring T C R, where each x; is homogeneous.

We denote by fp. rk(ﬁ) the largest integer n > 0 such that A
T[x1,...,Xn] for some complete local k-subalgebra T C A.

MAIN THEOREM ([IM26])

Assume that chark = 0.
(1) Rank detection. For every i > 0O,

(i ) =R <= p.rk(R) > dimR —i;

tra (Q%r/“kA_i) =A < fp.rk(A) > dimA —1|.

Now let S denote either R or A.
(2) Regularity criterion. If S is reduced, then

trs(Qgh°) =S < Sis regular.
(3) Singular locus. If S is reduced and equidimensional, then
V(trS(Q‘g;”kS)) = Sing(S).

Sketch of the proof

Step 1: If trs(Q5/5,) = S, then Qg5 has a free summand. Hence
there exist an Sp-derivation D : S — S and an element t € S such
that D(t) = 1; in other words, D admits a slice.

Step 2: If chark = O, the slice theorem (see [Frel7]) gives S =
(ker D)[t] in the graded case, and S = (ker D)[t] in the local case.

Step 3: If trs(Qg7°) = S, then Qgi° has a free summand. For reduced

rings, this forces Sto beregular. Thus, unlike the classical Jacobian
criterion, a single free summand in st"/“ks Is enough.

Step 4: With an equidimensionality assumption, a localization ar-
gument shows V(trs(Qg%°)) = Sing(S).
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Nearly regular rings

Let k be a field, and assume for simplicity that char(k) = O.
Let S be either a Noetherian N-graded k-algebra with So =k, or a
local k-algebra essentially of finite type over k.

Following our result and [HHS19], we say that S is nearly regular if
trS(QdSi;"kS) D mg, Where mg is the irrelevant ideal of S.

Basic features.
» In the reduced setting, regular rings are nearly regular.

» For 1-dimensional Noetherian graded rings over a field,
nearly regularity is automatic.

» In higher dimension, the condition is much more restrictive...

If S is moreover reduced and equidimensional, then nearly regu-
larity implies that S has an isolated singularity.

Applications and examples

The following applications and examples come from [IM26].
Tensor products. Let A and B be reduced equidimensional graded
k-algebras, and set R := A ®¢ B. Then we have

trr(QRN) = tra (AR - tra(QEhC) R.
In this setting, R is nearly regular if and only if it is regular.

Fiber products. Let A and B be reduced equidimensional graded k -
algebras of positive dimension with Ag = Bo = k, and set R := A xyB
with respect to the natural projections to k. Then R is nearly regular
<= both A and B are nearly regular and dimA = dimB.

Stanley-Reisner rings. Let A be a simplicial complex with pure
connected components Aq,..., A, and set d; := dim A;. Then:
k[A] is nearly reqular < each A;is asimplexandd; =--- =d,.

Conclusions

Trace ideals of exterior powers of differentials detect hidden
polynomial and formal variables.

For reduced equidimensional rings, the top differential trace
gives a new computable ideal defining the singular locus.

This complements other known descriptions of Sing(S), such
as the Fitting ideal of Q! and the cohomological annihilator of
lyengar-Takahashi ([IT16]).

Nearly regular rings provide a natural regular analogue of
nearly Gorenstein rings ([HHS19]).

Tensor products, fiber products, and Stanley—Reisner rings
illustrate applications of the theory.
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