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Definitions/conventions

We work over the complex numbers C and in the analytic topology,

when discussing topology.
» The Hilbert scheme of d points in A" is the scheme

Hilbg(A") = {X C A{ closed | dim(X) = 0, dim¢(O(X)) = d}.

Its points can also be viewed as ideals | C C|xq, ..., Xz].
» The punctual Hilbert scheme of d points in A" is

Hilbg(A", Q) = {X € Hilbg(A™) | X C {0}}.
» For afixed h: N — N, the Hilbert-Samuel stratum is
n — {X e Hilbg(A", 0) | dime m//m™*t = h(i)},
so Hilbg(A",0) =[]}, H}p. For instance, h(1) = dim TpX.
» Hp ={X € H} | I(X) homogeneous}.

» The initial ideal of an ideal I, denoted in(/), is the ideal
generated by the lowest degree terms of the elements of |.

An element

c Hi|b15(A2)

Main theorem

Theorem (S., [2])
H;(Hilbs(A"); Z) is free, O for i odd, and has Poincare polynomial:

_ ZZ(Sn—3)g1’n(Z)

PHilbs(An)

'91.3(2)g2.n(2)
+223g; 4(2)g3.n(2)
+ g4,n( )7
where gk n(2) is the Poincare polynomial of Gr(C").

Reduction

Theorem (Totaro, [3])
The inclusion Hilbg(A", 0) — Hilbg(A") is a homotopy equivalence.

Fibrations

An=h(1))(d=h(1)-1)
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Fibration 1. 7 : Hf — Grp_p1)(C{x1, ..., Xn))

» Definition. 7(/) = in(/);.

» A basis for in(/); defines linear equations for To(X) C To(A").
» 7 is Zariski locally trivial, due to [1].

» Take coordinates X1 ... Xp(1),Y1,-- ., Yn_nc1) @nd take the fiber F

over span({yi}).

Fibration2.7: F — Hz(l)

» Definition. 7(/) = I N C[x1, ..., Xp1)] — the elimination ideal. That
is, X — the projection of X onto Tp(X).

» 7 is a vector bundle, due to [2].

» We view =(/) as an ideal of C[xq,...,y1,...] by adding
(V1,---,Yn_n@)- Thatis, embedding To(X) C A"

» The affine space fibers come from perturbing the y; by higher
order monomials with arbitrary coefficients.

"Fibration" 3. in : H',;(l) — H,';(l)

» Definition. |/ — in(/) defines a morphism in : Hﬁ(l) — H,';(l).

» Lett be the maximal so that h(t) # 0. in is a vector bundle if
in(l); = 0 forj <t — 2 (a proof is recorded in [2]).

» The affine space fibers come from perturbing elements of
in(l);_1 by degree t monomials with arbitrary coefficients.

How to build an ideal

We will construct an ideal in H(31 2.1.1) With tangent space {y1 = O}.

> There is an isomorphism P(C(dx,, dx,)) — H 5 4 1) S€NdIng
[a] — (X1,%2)* + (f | @?(f) = 0). For a = 0y,, We get

(X1,X2)* + (X1X2,X3) € Hiy 511y,
» inis a vector bundle, and we perturb x% and x1X, by cubics.
(X1,X2)* + (XaXo+3X3 + 4X§X2, X5—X1X3) € Hf 51 1),
» We view this as an ideal in C[x1, X5, y1] via
(Y1) + (X1, X2)* + (X1X2 + 3X3 + 4X1X2, X5 — X1X5) € HE 51 1y.
» 7 is a vector bundle, and we perturb y1 by higher order terms.

(y1—X3) + (X1, X2)* + (X1X2 + 3X3 + 4X2X0, X5 — X1X5) € H(31,2’1,1).

All together now

Each summand in pyan) is the Poincaré polynomial of a Hilbert-
Samuel stratum, which can be computed via fibrations.
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