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Introduction

Let S = C|xp, X1, . .., Xn] be the polynomial ring, m the maximal ideal
generated by the variables, and | a homogeneous ideal generated
in degree d. We say that the resolution of | is linear for p steps if
its first linear strand

o5 S(—d—p —1)P1d o §(—d —p)Prd — ... = S(—d)Po -1 =0

is exact up to cohomological degree —p + 1. Equivalently, for every
0 <i<p, wehave

5[71'(/) == dim@ (Tor;-g(l, (C),'ﬂ') 7é 0] < j: d.

This notion measures the complexity of the ideal I. As p increases,
the minimal free resolution of | should become simpler. We assume
throughout that / is m-primary and generated in degree d.

Powers of |

Eisenbud, Huneke, and Ulrich conjectured the following:
Conjecture (Eisenbud-Huneke-Ulrich [2]): If the resolution of | is
linear for p steps, then

' =ml forallt> g

The conjecture is known to hold when lis a monomialideal [2, The -
orem 8.1], when n = 2 [2, Corollary 7.7], and when p > n/2 [2,
Corollary 7.7]. However, little is known beyond these cases.

Regularity of /

On the other hand, it is interesting to study the Castelnuovo-
Mumford regularity of ideals with partially linear resolutions. As-
sume that the resolution of I is linear for p steps. In the case p = 0,
Macaulay proved that

reg(S/) < (n+ 1)(d —1).

At the other extreme, when p = n, | has a linear resolution, and
hence

reg(S/l) =d — 1.
More generally, when p > (n — 1)/2, that is, when at least half of

the minimal free resolution is linear, Eisenbud, Huneke, and Ulrich
proved in [2, Corollary 3.2] that

reg(S/l) < 2(d — 1).

Virtually linear ideals

We say that the resolution of / is virtually linear for p steps if the
sheafification of its first linear strand is exact up to cohomologi-
cal degree —p + 1, see also [1]. If the resolution of | is linear for p
steps, then it is also virtually linear for p steps because sheafifica-
tion preserves exactness.

Sponsored by:

Fuxiang Yang

Syzygies of virtually linear ideals

University of Notre Dame fyang6@nd.edu

Theorem 1 (Y.)

If the resolution of | is virtually linear for p steps, then

' = m™ foralltg{ A J+V—1J.
p+1 p

Theorem 2 (Y.)

If the resolution of | is virtually linear for p steps, then

eg(S/I) < [Zj ﬂ (@ 1)

Moreover, this boundis sharpforp=0,p=1,andp > (n—1)/2.

Theorem 3 (Y.)

If the resolution of I is virtually linear for 1 step, then
pu(h) > nd+ 1.
Moreover, the bound is sharp.

One important class of partially virtually linear ideals naturally
arises in the study of binary forms, see [3]. Let S = Sym(Sym"(C?))
where Sym"(C?) is identified with the space of binary forms of
degree n, and let Iy, be the ideal generated by Sym™(C?) C
Sym“(Sym"(C?)) = Sy. It is a fact that the resolution of Iy, is vir-
tually linear for 1 step, but Iy, is not linearly presented in general.
Theorem 1 and Theorem 2 imply that

Ig,n —m!? forallt> 3—2n —1 and reg(S/lgn) < [n er 1—‘ (d—1).

In fact, for this specific class, [3] proves the stronger results

ee(S/lan) = | "5+ | (d - 1)

Notice that this class gives the optimal examples for Theorem 2 and
Theorem 3 when p = 1.

[f,=m% forallt>n and

Future directions

» How can we push Theorem 1 closer to the
Eisenbud-Huneke-Ulrich conjecture? Should we expect the
Eisenbud-Huneke-Ulrich conjecture for virtually linear ideals?

» We expect Theorem 2 to be sharp in general. How can we find
optimal examples for other values of p?

» Prove sharp lower bound on the number of generators for
virtually linear ideals in general.
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